Scattering of a longitudinal wave by a circular crack in a fluid-saturated porous medium by Galvin, R. & Gurevich, Boris
Scattering of a longitudinal wave by a circular
crack in a uid-saturated porous medium
R. J. Galvin a, B. Gurevich a;b
aCurtin University of Technology, GPO Box U1987, Perth, Western Australia,
6845, Australia
bCSIRO Division of Petroleum Resources, ARRC, 26 Dick Perry Avenue,
Kensington, Perth, Western Australia, 6151, Australia
Abstract
Key words: poroelasticity; Biot theory; slow wave; fractured medium
Introduction
Naturally fractured reservoirs are becoming increasingly important for oil and
gas exploration in many areas of the World. Because fractures may control the
permeability of a reservoir it is important to be able to nd and characterise
them. In order to characterise a fractured reservoir we need to understand
the e¤ect the fractures will have on its overall elastic properties. Fractures
are highly compliant compared to the relatively sti¤ pores, so uid will ow
between pores and fractures during passage of the seismic wave. If the fractures
are aligned, the reservoir will exibit long wavelength e¤ective anisotropy. Since
the uid ow and scattering taking place due to the fractures depends upon
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seismic frequency, the anisotropy will be frequency-dependent.
In the limit of low frequencies, static models can be used to obtain the e¤ec-
tive elastic moduli of the uid-saturated medium in terms of the properties of
the dry skeleton and the saturating uid (Gassmann (1951), Brown and Ko-
rringa (1975), Thomsen (1995), Gurevich 2005, Cardona). For these models
to be useful, uid pressure must have time to fully equilibrate throughout the
connected porespace which will only be the case for very low frequencies. To
model the attenuation and dispersion that takes place due to uid ow higher
frequencies must be considered, and therefore static e¤ective medium models
are no longer appropriate.
A number of schemes tackling this dynamic problem in fractured porous rocks
are currently available. Brajanovski et al. model a fractured medium as very
thin, highly porous layers in a porous background. Hudson et al. (1996) model
fracturing using thin circular cracks, and allow for uid ow e¤ects by apply-
ing the di¤usion equation to a single crack and ignoring interaction between
cracks. Chapman and Maultzsch also model attenuation and dispersion us-
ing a sparse concentration of circular cracks in a porous matrix. Jakobsen? A
systematic approach to this problem is to base our model upon Biots theory
of poroelasticity (Biot (1962)). We model fractures using very thin circular
cracks in a poroelastic background. We assume that the cracks are mesoscopic
(large compared to the pore size, but small compared to the fast wave wave-
length). Using the single scattering result obtained previously (Galvin and
Gurevich 2006) and the multiple-scattering theory of Waterman and Truell
(ref) we estimate the attenuation and dispersion of elastic waves taking place
in a porus medium containing a sparse distribution of such cracks (Fig. 1).
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1 Scattering from a single crack
1.1 Equations of Poroelasticity
We consider an incident plane longitudinal wave, harmonic in time, propagat-
ing in a uid-saturated porous medium in the positive direction of the z-axis of
a cylindrical coordinate system. This wave can be represented as the displace-
ment eld u(i)z = u0e
ik1z, where k1 is the wavenumber. We aim to derive the
scattered eld u (r) that results from interaction between the incident wave
and the crack, which occupies the circle 0  r  a in the plane z = 0. The
total displacement eld is therefore u(t) (r) = u(i)z az +u (r), where az is a unit
vector directed along the z-axis.
Since we have geometrical symmetry about the crack plane z = 0, both the
scattered and total displacement elds satisfy the following equations of dy-
namic poroelasticity (Biot (1962)) in the semi-innite poroelastic medium
z  0:










where w =  (U  u) is the relative uid displacement,  is the medium
porosity, U is the average absolute uid displacement, ! is the angular wave
frequency, f and  are the densities of the uid and of the overall medium.
At low frequencies q (!) t i=! (Biot (1956)) is a frequency-dependent coef-
cient responsible for viscous and inertial coupling between the solid and uid
displacements where  is the uid viscosity and  is the intrinsic permeability
of the medium.  and p are the total stress tensor and uid pressure, which
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are related to the displacement vectors via the constitutive relations





p =  Mr  u Mr w: (4)
In equations (3) and (4)  is the shear modulus of the solid frame,  =










is the so-called pore space modulus,




is the P-wave modulus of the saturated poroelastic medium and Ksat is the
bulk modulus of the saturated medium which is related to the bulk moduli of
the uid Kf , solid Kg, and dry skeleton K by the Gassmann (1951) equation
Ksat = K + 
2M . (7)
Because of the axial symmetry, there is no dependency upon the transverse
angle : Using equations (3) and (4) we can therefore decompose equations
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p+ ib!e = 0 (10)
where  = K   4=3; b = =, and e is the cubical dilatation


































The solution must obey the boundary conditions (Deresiewicz & Skalak, 1963)
at a poroelastic interface, i.e. continuity of normal and tangential components
of stresses, continuity of solid and relative uid displacements and continuity
of the pore uid pressure. We assume that the circular crack is in hydraulic
communication with the surrounding porous medium.Here and below we as-
sume that the uid in the crack (but not in the pores!) is incompressible.
According to Hudson (1981), the compressibility of the crack-lling uid can
be neglected as long as
Kf= c=a; (15)
where as before Kf is the bulk modulus of the uid in the crack,  is the shear
modulus of the background medium, and c=a is the aspect ratio of the crack.
Note that in an elastic medium a crack lled with an incompressible uid
does not cause any scattering of a normally incident P-wave. Analogously, in
a porous medium such a crack will not cause any scattering of a normally
incident P-wave at frequencies where the size of the crack a is comparable to
the wavelength of the incident wave. However, there may still be scattering of
incident energy due to uid ow between the crack and the pore space. As will
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be seen, this e¤ect occurs at much lower frequencies where the crack radius is
comparable to the wavelength of Biots slow wave.
For an incompressible uid in the crack, the volume-fraction-average of the
normal displacement (1  )uz + Uz = uz +wz through the face of the crack
must be equal to zero. Continuity of total normal stress tells us that both
(t)zz and p
(t) in the total eld at z = 0+ must be equal to the pressure of the
crack-lling uid, p(c); so that (t)zz = p
(t) or zz   p =  ((i)zz   p(i)): Also,
analogously to the elastic case, rz is everywhere zero, and uz = wz = 0 due
to symmetry considerations. Expressing stress and uid pressure in terms of
displacement via constitutive relations (12) and (4) our boundary conditions
can be written:
rz = 0 0  r <1 (16)
uz = 0 a < r <1 (17)
wz = 0 a < r <1 (18)
uz + wz = 0 0  r  a (19)
zz + p =  ik1(H   M)u0 0  r  a (20)
where it is noted that conditions (??)-(??) can be combined to give the single
condition
uz + wz = 0 0  r  1 (21)
1.3 Solution
Galvin and Gurevich (2006) obtained a general solution to equations (8)-
(10) using Hankel transform techniques, reducing the scattering problem to
nding the three unknown scalar spectral wave amplitude functionsA1(y) (fast
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wave), A2(y) (slow wave) and A3(y) (shear wave). Application of boundary
conditions (16)-(21) allowed the elimination of two of the unknown Ai(y) and
resulted in a system of dual integral equations for the single unknown spectral
amplitude function A1(y) which were recast in the form of Noble (1963) using
the substitution





2y2   k23(1  MH )
iA1(y): (22)
These dual integral equations were shown to be equivalent to a single Fredholm
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[T1(y)  T2(y)]  1; (26)
T1(y) =
M(k22L  2y2) [4gy2(y2   q2q3)  k22 (2y2   k23)]
2H(1  g)k22q2y
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+ (2y2   k23) (k20   k21)
2g(1  g)k23q1y
; (28)
and p0 = ik1(H M)u0 is the incident pressure. Since an analytical solution
to equation (23) exists only when its kernal function R(x; y)T (y) is separable,
in general one must obtain B(y) via numerical methods.
T (y) is general with regards to the size of the crack relative to the incident
wavelength. However we are mainly interested in situations where the scat-
tering is due to wave-induced uid ow to and from the cracks (ie. the slow
wave). For the scattering to be predominantly due to uid ow, the crack size
must be small relative to the wavelength of the incident compressional wave,
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k1a  1 (mesoscopic cracks).so that there is neglible scattering into a fast
wave mode. For signicant slow wave scattering to take place y; being a radial
wavenumber, should be of the order of 1=a; or y  k1 and we can approximate
equations (26-28):
T (y) M (2gy
2   k22)2   2yq2g [k22(g   2) + 2y2g]
2Hg(g   1)yq2k22
(29)
1.4 Multiple scattering formulae
The multiple scattering theorem of Waterman & Truell (1961) provides the
method of computation of attenuation and dispersion of seismic waves in the
medium with randomly distributed inhomogeneities. According to Waterman
& Truell (1961), e¤ective wave number may be calculated from the amplitudes

















where k1 is the real wave number of fast P-wave, n0 is the density or number of
scatterers per unit volume and f(0), f() are amplitudes of the wave scattered
in the forward and backward direction (with respect to incident wave) by a
single inclusion. For su¢ ciently small concentration of inclusions quadratic



































The above expressions (32) and (33) allow us to model the dispersion and
attenuation due to the scattering of a plane elastic wave by poroelastic inclu-
sions randomly distributed throughout a poroelastic medium. In this study we
investigate the special case of dispersion and attenuation using the solution
for the scattering by a circular crack given in the previous section. Our f(0) is














yJ0 (yr) dy (34)














The solution for intermediate frequencies was obtained numerically by the
method of quadratures .Figures 1a and 1b show this solution in terms of ef-
fective velocity v(!) = !=Re k (normalized) and dimensionless attenuation
Q 1 = 2Re k= Im k as functions of dimensionless frequency Also shown in
Figures 1a and 1b are asymptotic solutions of equation (17) in the low- and
high-frequency limits (explained in the following sections). This solution ex-
hibits a typical relaxation peak around a normalized frequency !0of about 10,
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or at circular frequency f = !=2 ' 2M(K + 4=3)=Ha2, the frequency
where the uid di¤usion length 1= jk2j is of the order of the crack radius a .
2.2 Analytical solution
2.2.1 Simplication of Fredholm equation
For the purposes of using the multiple scattering theory outlined above to
estimate e¤ective medium properties, we are only interested in the scattering
in the forward direction, in which the radial component of the wavenumber is
small. We can exploit this to simplify the function R(x; y):Expanding R(x; y)
using the trigonometric identity
sin(AB) = sinA cosB  cosA sinB (36)
we obtain
R(x; y) =
2 (y sin ax cos ay   x cos ax sin ay)
x2   y2 (37)
If x is small, then sin ax  ax; cos ax  1 eq (37) simplies to
R(x; y)  2x (sin ay   ay cos ay)
y2
= xS(y): (38)




S(y)T (y)B(y)dy =  p0S(x) (39)
which can be solved analytically as the kernel has been separated. We now
obtain asymptotic solutions in the low and high frequency limits. Note that we
are still in the low frequency regime of Biot theory, the low and high frequency
limits we evaluate here are with respect to the extent to which uid is able
to di¤use between crack and porespace during passage of the wave eld. That
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is, in the low frequency limit there is plenty of time available for uid ow to
occur, the di¤usion length can be taken large compared with the crack radius,
or jk2j a  1: At increasingly high frequencies there is no time available for
appreciable uid ow to occur and therefore the di¤usion length can be taken
as small compared with the crack radius, jk2j a 1
2.2.2 Low frequency asymptote
For low frequencies jk2j a  1 which for y of the order 1=a is equivalent to
y  jk2j : Imposing this on (29) we obtain an asymptotic expression for the
transfer function T (y) in the limit y  jk2j,
Tlow(y) 
 Mk22(2L2 + 322   4L)
4H(L  )y2 : (40)
At low frequencies the contribution of the integral in (39) is small and we can
solve by iteration. That is, we assume an initial solution B(x) =  p0S(x) and





2(4L  2L2   322)  10H(L  )]
15H(L  ) x (41)
and from (35)
flow(0) =




M(2  4g + 32g2)(k2a)2
2Hg(1  g) (43)
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By substituting (42) into (32) and taking the real component we can obtain
an expression for e¤ective velocity in the low frequency limit
v = v1
"





In (44) v1 = !=k1 = (H=)1=2 is the velocity of the fast compressional wave
in the porous host (crack-free porous medium) and " = n0a3 = (3=4)(a=b)c
is the crack density parameter (Hudson) where c = (4=3)a
2bn0 is the addi-
tional porosity present due to the cracks. For dry open cracks Kf = M = 0,







which coincides with the well-known expression for the velocity of compres-
sional waves propagating perpendicular to a system of dry open cracks in an
elastic medium in the limit of low crack density (Hudson) Furthermore, equa-
tion (44) coincides with the expression for the compressional wave velocity
obtained from Gassmanns exact static result for the undrained elastic moduli
of an anisotropic uid-saturated porous medium (Gassmann) with low crack
density . This Gassmann consistency is an important feature of the model
presented here.
Low-frequency attenuation Q 1 is dened by the imaginary part of the func-
tion flow(0),
Q 1low =
2M(H   M)2(2  4g + 32g2) jk2aj2 "
15H2g(1  g)2 (46)
and is proportional to jk2aj2, that is, to the rst power of frequency.
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2.2.3 High frequency asymptote
For high frequencies jk2j a  1 which for y of the order 1=a is equivalent to
y  jk2j : Imposing this on equation (29) we obtain an asymptotic expression
for the transfer function T (y) in the limit y  jk2j,
Thigh(y) 
 iML2k2
2H(L  )y : (47)
In the high frequency limit we cannot solve (39) by iteration because the
integral is not small compared with the RHS. However at high frequencies large
values of y do not result in a signicant contribution to the integral and so we






We cannot use this approximation for S(y) as the integral will not converge.


































By substituting this expression into the dispersion equation (32) one can see
that its relative contribution to the real part of the e¤ective wavenumber
vanishes in the high frequency limit, implying that the velocity in that limit
tends to the velocity in the porous crack-free medium. This result is logical as
at su¢ ciently high frequencies the uid has no time to move between pores and
cracks, and therefore the cracks behave as if they were isolated In particular,
the dry case is excluded, except in the static limit (45).







and thus scales with ! 1=2 . We note that both low and high-frequency asymp-
totes of attenuation are consistent (but not identical) with the corresponding
results for mesoscopic spherical inclusions12 13 and for a poroelastic medium
with smoothly varying material properties14.
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5 Figure Captions
Fig. 1. Scattering cross-section as a function of dimensionless frequency.
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Fig. 2. Vertical relative uid displacement wz vs normalised horizontal slowness
y= jk2j for a range of dimensionless frequencies.
Fig. 3. Radial relative uid displacement wr vs normalised horizontal slowness
y= jk2j for a range of dimensionless frequencies.
16
